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1. Introdution
We study the dynamis of the metri funtions for the hyperextended salar-tensor
theory in the empty Bianhi type I model.
The osmologial priniple is based on the hypothesis of an isotropi and
homogeneous Universe. However, at early times, Universe ould have been anisotropi.
We an quote several reasons in favour of this hypothesis [1℄. Firstly, the isotropi
hypothesis rests on observations suh as the osmologial bakground. But it does not
rule out the possibility of an anisotropi Universe for primordial time. Seondly, if
the Universe is too isotropi and homogeneous, it is diult to explain formation of
strutures, like galaxies: presene of anisotropies is neessary. Last, it ould be easier
to avoid singular Universe under these onditions.
Anisotropi Universes are desribed by the Bianhi models. Among these models,
the only ones whih isotropize and are in aordane with our present Universe at late
time, are these of type I, V , V II0, V IIh and IX . Current observations favour open
and at models and reent measurements seem to indiate that our present Universe
undergoes ination [16℄. Then it is a serious possibility that our Universe be spatially
at. It orresponds to the Bianhi type I model whih will be the geometrial framework
of this paper.
An important eld of study in osmology is the introdution of salar elds in
gravity theories. There are many reasons to justify their presene. Firstly, they are
predited by unied theories and ould be the result of the ompatiation of extra
dimensions appearing in theories like supersymetri, Kaluza-Klein or string theories.
Seondly, they provide a way to get ination [3℄, ending naturally without any ne-
tuning. At last, the salar-tensor theories an respet the solar system tests [4℄ as well
as nuleosynthesis one but make very dierent preditions from General Relativity at
early time.
Among the salar tensor theories, the most famous and simplest generalisation of
General Relativity is the Brans-Dike theory [5℄. The oupling between the graviton and
the dilaton, represented by the salar eld φ, is desribed by a oupling onstant ω. If it
is larger than 500, the theory respets the solar system tests. However, string theory in
the low energy limit, whih ould desribe the physis of the early Universe, is idential
to Brans-Dike theory with ω = −1 after salar eld redenition. Suh ontradition
between these two values of the oupling onstant looks like the osmologial onstant
(Λ) problem: its observed value is about 120 orders smaller than what expeted from
a theoretial point of view. One way to solve this problem is to hoose a variable
osmologial onstant. We an adopt the same solution onerning the oupling onstant
and onsider a oupling funtion depending on the salar eld, ω(φ). Suh theories are
alled Generalised Salar-Tensor theories (GST) and have been studied in the FLRW
[6℄ and anisotropi [7℄ models in presene of matter.
In these theories φ−1 plays the role of a varying gravitational onstant. However
suh a hoie seems to be arbitrary. It is interesting to onsider a funtionG(φ)−1 instead
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of φ in front of the salar urvature term in the Lagrangian: this is the Hyperextended
Salar-Tensor theory (HST) [8℄[9℄. It an be rewritten as a GST [10℄ by redening a
salar eld Φ = G(φ)−1. Then we need to nd the inverse funtion of G(φ)−1 whih is
not always analytially dened. This justies the study of the HST.
Let's write few words about the relations between GST and HST and their
relationship with General Relativity. The GST are agreed with the solar system tests
if at late time ω → ∞ and ωφω−3 → 0. For the HST, there is an additional unknown
funtion of the salar eld, G(φ)−1. If we put Φ = G(φ)−1, we obtain a GST with a
oupling funtion written Ω(φ). It an be expressed as a funtion of ω(φ) and G(φ)−1:
Ω(Φ) = ω(φ)G(φ)−1(G−1φ )
−2φ−1. Then, we dedue that the two onditions so that
HST is agreed with solar system tests will be respetively: ωG−1(G−1φ )
−2φ−1 →∞ and
(G−1φ )
3G2ω−2φ2(ωφω
−1 + G−1φ G − φ−1 − 2G−1φφG) → 0. If we hoose G(φ)−1 = φ, we
reover the usual onditions for GST.
Lots of gravitation theories belong to HST lass as dilaton gravity with G−1 =
1/2e−φ and ω = −1/2φe−φ, generally oupled salar eld with G−1 = 1/2(γ − ξφ2) and
ω = 1/2φ, indued gravity with G−1 = 1/2ǫφ2 and ω = 1/2φ, et [11℄. It is diult
to hoose physially interesting G−1 and ω. Dierent periods of the Universe ould be
approximated by dierent oupling funtions. A way to selet them is to impose that
the theory be in aordane with the solar system tests at late time. We an also use
dynamial riterions: the metri funtions should be inreasing at late time, eventually
have a minimum so that they avoid the Big Bang, and have an inationary period.
It is in view of determining suh harateristis for the metri funtions that we
will examine the dynamis of the HST in the empty. A more realisti model will take
into aount matter elds. But then, most of time only asymptoti studies are workable
for a given form of ω and G−1. Generally it does not allow to detet the presene of
several extrema, quasi-stati phases for the dynamis or multiple inationary phases.
Our motivation is also to detet suh physially important behaviours for any form of
ω and G−1, i.e. to study the dynamis of the metri funtions whatever the value of
the time and not only asymptotially. The prie to pay for this full desription of the
dynamis is the absene of matter elds.
However, sine their presene tends to oppose to expanding Universe, we hope that
neessary and suient onditions we will establish to get expansion, ination or quasi-
stati phases for instane in an empty model, will be either neessary or suient if
matter elds are present. Hene, more omplete studies of large lasses of new theories
speied by ω and G−1 with matter elds ould be stimulated if they already have
physially interesting dynamial harateristis in the empty. At the opposite, large
lasses of theories ould be disriminated if their dynamial behaviours in the empty
were in ontradition with urrent observations.
The paper is organised as follows: in setion 2, we write the eld equations in
the empty Bianhi type I model and introdue new variables to transform them into a
dierential system of rst order. We give the exat solution of the eld equations. In
setion 3, we study the sign of the rst derivatives of the metri funtions and determine
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in whih onditions they are inreasing, dereasing or have extrema. In setion 4, we
study their seond derivatives to predit the appearane of ination or quasi-stati
phases. In these two last setions, we applied our results to a string inspired theory
without H-eld. We onlude in setion 5 by showing the advantages of the method
we present in this work to study any empty HST. We give the onditions on G(φ)−1
and ω(φ) so that the Universe respets the solar system tests, be in expansion and
aelerated at late time, and avoid the Big-Bang.
2. Field equations and exat solution
2.1. Field equations
We use the following line element:
ds2 = −dt2 + e2α(ω1)2 + e2β(ω2)2 + e2γ(ω3)2 (1)
where the ωi:
ω1 = dx
ω2 = dy
ω3 = dz
are the 1-forms of the Bianhi type I model, t the proper time and eα, eβ , eγ the metri
funtions depending on t. The Lagrangian of the HST is written:
L = G(φ)−1R− ω(φ)
φ
φ,µφ
,µ
(2)
G and ω depend on the salar eld and speify the theory. Varying the ation with
respet to the spae-time metri and salar eld, we obtain the eld equations and the
Klein-Gordon equation:
Rµν − 1
2
gµνR = G
[
ω
φ
φ,µφ,ν − ω
2φ
φ,λφ
λgµν + (G
−1),µ;ν − gµν✷(G−1)
]
(3)
φ˙2
[
−ωφ
φ
+
ω
φ2
−G(G−1)φω
φ
]
+
2ω
φ
✷φ + 3G(G−1)φ✷(G
−1) = 0 (4)
a dot meaning a derivative with respet to t time. Using the form (1) of the metri and
τ time dened by dt = eα+β+γdτ , we get:
α′′ + α′G(G−1)′ +
1
2
G(G−1)′′ = 0 (5)
β ′′ + β ′G(G−1)′ +
1
2
G(G−1)′′ = 0 (6)
γ′′ + γ′G(G−1)′ +
1
2
G(G−1)′′ = 0 (7)
α′β ′ + α′γ′ + β ′γ′ +G(G−1)′(α′ + β ′ + γ′)− ωG
2
φ,2
φ
= 0 (8)
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φ,2
[
−ωφ
φ
+
ω
φ2
−G(G−1)φω
φ
]
− 2ωφ
′′
φ
− 3G(G−1)φ(G−1)′′ = 0 (9)
a prime meaning a derivative with respet to τ . The funtions α, β and γ play equivalent
roles in the eld equations. So, in what follows, we will only onsider the metri funtion
eα.
We are interested in the signs of rst and seond derivatives of the metri funtions
and not in their amplitudes. Sine the produt eα+β+γ is positive, the signs of the rst
derivatives in the τ and t times will be the same whereas they will be dierent for seond
derivatives. Hene, to determine the sign of (eα)., we will study this of α′ in setion 3.
In setion 4 we will determine the signs of the seond derivatives by studying separately
(eα).. and (eα)′′. This is justied by the fat that sometimes solutions are known in the
τ time and not in the t time.
Now, we dene new variables A, B, C and F in order to transform the seond order
eld equations into a rst order system:
A = α′G−1
B = β ′G−1 (10)
C = γ′G−1
F =
1
2
(G−1)′
Then, after integration, the spatial omponents of the eld equations are written:
A+ F = A0 (11)
B + F = B0 (12)
C + F = C0 (13)
A0, B0 and C0 being integration onstants. We also integrate the Klein-Gordon equation
and get:
3
4
(G−1),2 +
1
2
G−1ωφ−1φ,2 = −Π (14)
Π being an integration onstant. This last relation is written again:[
3
4
(G−1) 2φ +
G−1ω
2φ
]
φ,2 = −Π (15)
From the onstraint equation of the eld equations we dedue the following relation
between the integration onstants:
A0B0 + A0C0 +B0C0 = −Π (16)
The quantity between square brakets in the left hand-side of equation (15) is
proportional and has the same sign as the energy density of the salar eld in the
Einstein frame. For physial reasons, we will take a positive energy density, i.e.
3
4
(G−1) 2φ +
G−1ω
2φ
> 0 (17)
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Hene, we dedue that −Π > 0. If we hoose G−1 = φ, we reover the usual relation
for a positive energy density for GST, i.e. 3 + 2ω > 0. The sign of φ′ is onstant and
depends on the sign of the square root of the energy density: if we take it positive
(negative), the salar eld will be inreasing (dereasing). Hene, the salar eld being
a monotone funtion of time, it will be onsidered as a time variable.
From now, we will just onsider the rst spatial omponent of the eld equations,
i.e. equation (11) sine we only need to study the dynamis of eα. The set of values
(A, F ), solution of (11), an be graphially represented in the (A, F ) plane by a straight
line. During time evolution, the dynamis of the solution is desribed by the motion of
a point of oordinate (A, F ) on this set.
2.2. Exat solution
Using (11) and the rst relation of (10), we dedue the exat solution for α(τ):
α− α0 =
∫ A0
G−1
dτ − 1
2
ln(G−1) (18)
α0 being an integration onstant. If we write dτ = φ
,−1dφ and express φ′ using (15), we
obtain α(φ):
α− α0 =
∫
A0
G−1
√√√√− 1
Π
[
3
4
(G−1) 2φ +
G−1ω
2φ
]
dφ− 1
2
ln(G−1) (19)
and analogous relations for β and γ with ouples of onstants (β0, B0) and (γ0, C0) re-
spetively instead of (α0, A0).
There are two interesting asymptotial values for the ouple (A, F ). The rst one is
(A, F )→ (0, A0). It means that G−1 → 2(A0τ + A1). Then, we dedue from (18) that
the metri funtion tends toward a onstant. Thus, the point (0, A0) stands for the
stati solution for eα. The seond one is (A, F ) → (A0, 0). Then G−1 tends toward a
onstant. From (18) we get that α → α1τ + α2, α1 and α2 being some onstants. The
funtion β and γ will behave in the same way in respetively (B0, 0) and (C0, 0). In the
t time, this solution for the metri funtions orresponds to power laws of t.
3. First derivatives of the metri funtions
Using (19), we an write α′ as a funtion of φ and then study its sign. However, even
in the ase of very simple funtions G−1 and ω, the expression thus obtained is often
diult to analyse. The method we desribe below allow to get in a simple manner the
sign of the rst derivative.
3.1. Sign of the rst derivative
Now, we are explaining how to determine the sign of the rst derivative of α for suessive
intervals of salar eld, onsidered as a time variable. For the larity of the disussion,
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we will assume that φ is an inreasing funtion of t or τ time, i.e.
√−Π > 0. Moreover,
we will need to evaluate (G−1)′ and (G−1)′′ for some values of the salar eld. To
this end, we express the derivatives of G−1 with respet to τ as funtions of φ. Sine
(G−1)′ = G−1φ φ
′
, we obtain:
(G−1)′ = (G−1)φ
√√√√ −Π
3
4
(G−1φ )
2 + G
−1ω
2φ
(20)
In the same way, we get:
(G−1)′′ = −4Π2(G
−1)φφωG
−1φ− (G−1) 2φ ωφ+ (G−1)φ(ωG−1 −G−1ωφφ)
(2G−1ω + 3φ(G−1) 2φ )
2
(21)
To apply our method we need also to determine the following intervals:
(i) The salar eld variation interval is dened by the ondition (17): its energy density
in the Einstein frame have to be positive. We write it as [φ0, φn].
(ii) We split it in several subintervals suh as in eah of them, G−1, (G−1)′ and (G−1)′′
have onstant signs. We note these subintervals [φ0, φn] = [φ0, φ1] ∪ ... [φl−1, φl] ∪
... ∪ [φn−1, φn].
Remember that they an be ompared to time intervals sine φ is an inreasing funtion
of time.
As a rst step, we have to determine the diretion of the motion of the point (A, F )
on the straight line dened by equation (11) (see gure A1). Sine F = 1/2(G−1)′, it
means that on eah interval [φl−1, φl] when (G
−1)′′ > 0, F inreases and thus the point
(A, F ) moves from the right to the left. Otherwise, F dereases and the points moves
from the left to the right.
As a seond step, we determine the sign of A on eah interval [φl−1, φl]. Lets illustrate
this point when A0 > 0:
• If (G−1)′ < 0, F is negative. We see on the straight line represented on gure A1
that then A > 0 whatever the sign of (G−1)′′.
• If (G−1)′ > 0 and (G−1)′′ > 0, F is positive and inreases on [φl−1, φl]: F ∈
[1/2(G−1)′(φl−1), 1/2(G
−1)′(φl)]. Sine the sign of A hanges when F = A0, we
have to hek if this value belongs or not to this last interval. We have three
possibilities:
 If (G−1)′(φl) < 2A0, it implies that (G
−1)′(φl−1) < 2A0 and then A > 0.
 If (G−1)′(φl−1) > 2A0, it implies that (G
−1)′(φl) > 2A0 and then A < 0.
 If (G−1)′(φl−1) < 2A0 and (G
−1)′(φl) > 2A0, as F inreases, rst we have
A > 0 and then A < 0.
• If (G−1)′ > 0 and (G−1)′′ < 0, F is positive and dereases. Then, for the same
reasons as before, we have three possibilities:
 If (G−1)′(φl−1) < 2A0, it implies that (G
−1)′(φl) < 2A0 and then A > 0.
 If (G−1)′(φl) > 2A0, it implies that (G
−1)′(φl−1) > 2A0 and then A < 0.
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 If (G−1)′(φl−1) > 2A0 and (G
−1)′(φl) < 2A0, as F dereases, rst we have
A < 0 and then A > 0.
Hene, this shows that the sign of A when the point (A, F ) moves on the straight line
of gure A1 representing the solution of the equation (11), is perfetly determined on
eah interval [φl−1, φl] by the sign of (G
−1)′, (G−1)′′ and the ordering of the quantities
(G−1)′(φl−1), (G
−1)′(φl) and 2A0. Of ourse, the method is the same if the salar eld
is dereasing or A0 < 0.
As a third and last step, we determine the sign of α′ on eah intervals [φl−1, φl].
Sine the signs of A and G−1 are known on [φl−1, φl], we immediately dedue the sign of
α′ = AG: If G > 0 (G < 0), when A > 0, the metri funtion is inreasing (dereasing).
Otherwise, it is dereasing (inreasing).
Thus, on eah interval [φl−1, φl] we are able to determine if the metri funtion is in-
reasing, dereasing or have an extremum. The salar eld being a monotone funtion
of time, we an desribe for any time the evolution of the sign of the rst derivative of
eα, i.e. its dynamis.
What happens when the theory respets the solar system tests? Our present Universe
being in expansion, we write the onditions so that a metri funtion is inreasing de-
pending on G−1, ω and their derivatives with respet to φ. Sine A = A0 −F = α′G−1,
the metri funtion is inreasing on an interval of salar eld if (A0 − 1/2(G−1)′)G > 0.
Moreover, we know that Ω = ωG−1(G−1φ )
−2φ−1 have to diverge at late time so that
the theory is ompatible with the relativisti values of the PPN parameters. If we ex-
amine the relation (20), we dedue that this limit orresponds to (G−1)′ → 0. Hene,
for a theory respeting the solar system tests at late time, the metri funtion α will
be inreasing if A0G > 0. Sine gravitation is attrative and G an play the role of
an eetive gravitational onstant, we have G−1 > 0 and thus A0 > 0. Finally, as
(G−1)′ = 2F → 0, we dedue also that all the metri funtions tend toward power law
in the t time as shown previously.
To summarise, for an expanding Universe, respeting the solar system tests at late
time, all the metri funtions tends toward power laws of the proper time and the initial
onditions are suh as (A0, B0, C0) > (0, 0, 0). Mathematially, it would be interesting
to transform the system of equations (11-13) so that we use the dynamial system
methods and analyse if power laws solutions for the metri funtions orrespond to
future attrator. Suh a study is beyond the sope of this paper and will be done in a
next one.
In what follows, it seems to be physially reasonable to impose G−1 > 0. For the
GST, it is equivalent to hoose φ > 0.
3.2. Appliations
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3.2.1. Brans-Dike theory We hose:
G−1 = e−φ
ω = ω0φe
−φ
with ω0 > −3/2 so that the energy density of the salar eld is positive. This hoie
orresponds to the string theory without H-eld and with the term ω0 in front of φ,µφ
,µ
instead of 1. By putting Φ = e−φ, we reover the Lagrangian of the Brans-Dike theory
with a oupling onstant equal to −ω0. We alulate that:
(G−1)′′ = 0
(G−1)′ = −2
√
−Π/(3 + 2ω0)
The sign of α′ is the same as A sine G−1 > 0. F is a negative onstant equal to
F0 = −
√
−Π/(3 + 2ω0). If F0 > A0 then (A, F ) is suh as A < 0 and the metri
funtion is dereasing. It is inreasing otherwise (gure A2). We reover the usual
dynamis of the Brans-Dike theory for the Bianhi type I model.
3.2.2. String inspired theory We modify the previous Lagrangian. In string theory,
we an take into aount the string loop eets by substituting the oupling funtion
e−φ by the series B(φ) = e−φ + a0 + a1e
φ + a2e
2φ + ... In our appliation, we will limit
the series to its two rst terms [13℄. Note that no theory predits the value of the ai
today. Hene, osmologial appliations are suseptible to restrit the range of these
parameters. Moreover, we onsider again that ω0 an be dierent from 1. This is
justied by the fat that in our four dimensional Universe, it ould exist moduli elds
whose forms depend on the ompatiation sheme, produing ω0 6= 1 [12℄. Reent
progress have been made on dual transformations onerning empty string theory (i.e.
without any axion or moduli elds) with a onstant ω0 [14℄.
We examine the string inspired theory without H-eld dened by:
G−1 = e−φ + n
ω = ω0φ(e
−φ + n) (22)
Using (19), we have alulated the exat solution of the eld equations (see Appendix A).
It is learly easier to use the method desribed above than derive the sign of α′ from this
solution. As φ is inreasing, the theory will respet the solar system tests at late time
for φ→ +∞. Then G−1 → n and n an be seen as the present value of the gravitational
onstant.
We searh for the salar eld variation interval so that G−1 and its energy density
is positive. This last quantity vanishes for eφ1,2 = 1/n(−1 ±
√
−3/(2ω0)). After few
algebra we obtain the table A1 giving all the possible salar eld variation intervals
depending on n and ω0.
We nd that the sign of (G−1)′ is always negative and onlude that F < 0 whatever
φ. The sign of (G−1)′′ is the same as nω0: it means that 2F = (G
−1)′ is a monotone
funtion. Hene, the signs of (G−1, (G−1)′, (G−1)′′) are these of (+,−, nω0): they are
Dynami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onstant whatever φ and we have no need to split the salar eld variation interval in n
sub-intervals.
This last result and the "step 2", show that we have to ompare the values of (G−1)′
to the onstant 2A0 when φ is equal to the boundaries of eah of its variation interval
so that we detet the presene or absene of extrema. We alulate that:
(G−1)′(+∞,−∞, φ1,2,−ln(−n)) = (0,−
√
−4Π(3 + 2ω0)−1,−∞,−
√
−4Π/3).
From these results, we use the method desribed in setion 3 to get the dynamis
of the metri funtion eα:
• If A0 > 0:
 As 2F = (G−1)′ < 0, A is always positive. Sine G−1 > 0, it follows that the
metri funtion eα is always inreasing.
• If A0 < 0:
 If ω0 < −3/2 and n < 0, 2F = (G−1)′ inreases from −∞ to −
√
−4Π/3. If this
last value is smaller than 2A0, e
α
is inreasing. Otherwise it has a maximum.
This ase is shown on gure A3.
 If ω0 ∈ [−3/2, 0] and n > 0, (G−1)′ dereases from −
√
−4Π/(3 + 2ω0) to −∞.
If the rst value is smaller than 2A0, e
α
is inreasing. Otherwise, it has a
minimum.
 If ω0 ∈ [−3/2, 0] and n < 0, 2F = (G−1)′ inreases from −
√
−4Π/(3 + 2ω0) to
−
√
−4Π/3. If the two values are smaller than 2A0, eα is inreasing. If both
are larger than 2A0, e
α
is dereasing. If 2A0 belongs to the interval dened by
these values, eα has a maximum.
 If ω0 > 0 and n > 0, 2F = (G
−1)′ inreases from −
√
−4Π/(3 + 2ω0) to 0. If
the rst value is larger than 2A0, e
α
is dereasing, otherwise a maximum exists.
It is the only ase for whih at late time, the metri funtion tends toward a
power law type for t. Moreover, the theory is ompatible with solar system
tests sine φ→ +∞. However, the dynamis at late time is not in aordane
with the observations. On this simple example, we see that onditions for the
respet of the solar system tests are not suient to ensure a realisti dynamis
of the Universe for our present time.
 If ω0 > 0 and n < 0, 2F = (G
−1)′ dereases from −
√
−4Π/(3 + 2ω0) to
−
√
−4Π/3. If these two values are smaller than 2A0, eα is inreasing. If they
are larger than 2A0, e
α
is dereasing. If 2A0 belongs to the interval dened by
these values, it has a minimum.
Hene the method desribed in the previous setion allows to know all the onditions
for whih the metri funtions are dereasing, inreasing or "bouning". It would have
been more diult to get the same results from the exat solution α(φ).
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4. Sign of the seond derivative
In this setion, we study the sign of the seond derivatives of eα in τ and t times. This
is justied by the fat that sometimes solutions are known in one time but not in the
other. In what follows, we assume that we know the salar eld variation interval.
4.1. Sign of the seond derivative in the τ time
The sign of the seond derivative of the metri funtion in the τ time is the same as:
G−2(eα)′′ = G−2eα(α′′ + α,2) (23)
The spatial omponent (5) of the eld equations provides:
G−2α′′ = −A(G−1)′ − 1/2G−1(G−1)′′ (24)
From the equation (11) we get:
G−2α,2 = A2 = (A0 − 1/2(G−1)′)2 (25)
Then, from the two last equations we dedue that the sign of (eα)′′ is the same as:
G−2(α′′ + α,2) =
3
4
(G−1),2 − 2A0(G−1)′ − 1
2
G−1(G−1)′′ + A20 (26)
It is a seond-degree equation for (G−1)′. With the help of the relations (20-21), we an
express its oeients as a funtion of the salar eld. Its determinant is equal to:
∆ = A20 + 6ΠG
−1
[−G−1ω(G−1)φ + φω(G−1) 2φ + φG−1(G−1)φωφ −
2φG−1ω(G−1)φφ℄/(2G
−1ω + 3φ(G−1) 2φ )
2
(27)
and its roots are:
(G−1)′root1
2
=
4A0 ±
√
∆
3
(28)
We dedue that:
• If ∆ < 0, the seond-degree equation is negative and then (eα)′′ > 0.
• If ∆ > 0, (G−1)′− (G−1)′root1 and (G−1)′− (G−1)′root2 have dierent signs, (eα)′′ < 0.
• If ∆ > 0, (G−1)′−(G−1)′root1 and (G−1)′−(G−1)′root2 have the same signs, (eα)′′ > 0.
All these inequalities an be expressed as some funtions of φ. From them, it is possible
to derive the salar eld intervals so that (eα)′′ is positive or negative. Sine we an
determine the salar eld intervals for whih the sign of (eα)′ is onstant, it is possible
to desribe ompletely the dynamial evolution of the metri funtion α(τ).
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4.2. Sign of the seond derivative in the t time
The sign of the seond derivative in the t time is the same as:
d2eα
dt2
= [(eα)′′ − (eα)′(α′ + β ′ + γ′)] e−2(α+β+γ) (29)
Using (23) to express G−2(eα)′′ and the relations (20-21), we get the expression giving
the sign of (eα)..:
G−2
d2eα
dt2
eα+2(β+γ) = (Bo+ Co)

−Ao+ (G
−1)φ
2
√√√√√− Π
G−1ω
2φ
+
3(G−1) 2
φ
4


− 2ΠG−1[−G−1ω(G−1)φ + φω(G−1) 2φ + φG−1(G−1)φωφ
− 2φG−1ω(G−1)φφ℄/(2G−1ω + 3φ(G−1) 2φ )2 (30)
Sine it an be written as a funtion of the salar eld, it is possible to dedue the salar
eld intervals so that (eα).. is positive or negative. By Comparing them with these for
whih the sign of the rst derivative is onstant, we will get the qualitative dynamial
behaviour of α(t). When the sign of the seond derivative of the metri funtion with
respet to t is positive on a salar eld interval, the dynamis is aelerated. If, at
the same time§, the metri funtion is inreasing, we are in the presene of ination.
Lets note that it happens naturally without any potential. Suh phenomenon has been
studied in the GST and reeived the name of kineti ination [3℄. Ination in the HST
has been studied in [15℄. When the right hand side of the equation (30) vanishes, the
metri funtion eα have a point of inetion. Physially, it means that we ould be
in presene of a quasi-stati phase for the dynamis of the Universe, at least in the
diretion assoiated with the metri funtion eα.
If we assume that the theory is in agreement with solar system tests at late
time, then we know that Ω → ∞ and (G−1)′ → 0. We introdue this limit in the
expression (30) and obtain the ondition to have an inationary behaviour for the
metri funtion at late time: 2ΠG−1[ − G−1ω(G−1)φ + φω(G−1) 2φ + φG−1(G−1)φωφ −
2φG−1ω(G−1)φφ℄/(2G
−1ω + 3φ(G−1) 2φ )
2 < −A0(B0 + C0). If our present Universe
undergoes ination (observations of higher redshift objets seem to be neessary to
onrm this phenomenon [17℄), this last inequality ould play the same role as the two
onditions neessary so that a GST respets the solar system test (i.e. ω > 500 and
ωφω
−3 → 0) and thus, help to selet physial interesting HST.
4.3. Appliation in the t time: the string inspired theory
For this theory, (30) takes the form:
4Πnω0e
φ(1 + neφ)2(2ω0n
2e2φ + 4ω0ne
φ + 3 + 2ω0)
−2 +
(B0 + C0)
[
−A0 −
√
−2Π(2ω0n2e2φ + 4ω0neφ + 3 + 2ω0)−1
]
(31)
§ Here, we onsider φ as the time variable.
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We look for the asymptoti sign of this equation for the dierent ases desribed in table
A1 and depending on n and ω0. From this table, we dedue:
• If ω0 < −3/2 and n < 0, eα is deelerated at early time. At late time the seond
derivative has the sign of −(B0 + C0)(A0 +
√
−Π/3).
• If ω0 > −3/2 and n < 0, the seond derivative at early and late times has
respetively the sign of −(B0 + C0)(A0 +
√
−Π/(2ω0 + 3)) and −(B0 + C0)(A0 +√
−Π/3).
• If ω0 ∈ [−3/2, 0] and n > 0, the seond derivative at early time has the sign
of −(B0 + C0)(A0 +
√
−Π/(2ω0 + 3)). The dynamis of the metri funtion is
aelerated at late time. Sine we have shown that it is always inreasing for these
values of ω0 and n, we have ination.
• If ω0 > 0 and n > 0, the seond derivative at early time has the sign of
−(B0+C0)(A0+
√
−Π/(2ω0 + 3)) whereas at late time it has this of −A0(B0+C0).
Lets note that if A0 > 0, e
α
is always an inreasing funtion and any aelerated
behaviour will orrespond to ination. Moreover, (31) an be seen as a polynome for
eφ. We do not make its omplete study sine this setion is just an appliation but it
seems to be lear that it should have more than one zero. Hene, the theory should
have several phases of ination. Mathematially, an asymptotial study ould not have
deteted suh behaviour. This is one of the advantage of the method presented in this
paper.
5. Conlusion
We have studied the dynamial behaviour of the metri funtions for the HST in the
empty Bianhi type I model for any form of G−1 and ω. Suh dynamial study has
always been done for the GST with matter eld in Bianhi models [6℄ and FLRW
models [7℄. However, most of time it onerns asymptoti behaviours. Here, we have
made the hoie to onsider a simpler theory, i.e. without matter eld, but to study
its dynamis for any time and not only asymptotially. Mathematially, we get a more
aurate desription of the dynamis than with asymptotial methods. The spliting of
the salar eld variation interval in several ones allow to get all the extrema of the metri
funtions as well as their types. The alulation of the zeros of equation (30) enable
to get the intervals of φ, onsidering as a time variable, in whih a metri funtion is
aelerated, deelerated as well as its inexion points. Comparing these two types of
salar eld intervals, we are able to desribe ompletely the dynamial behaviour of the
metri funtions. Thus physially, it is possible to predit if a theory, dened by ω(φ)
and G(φ), will give birth to an Universe with several bounes. Suh a senario ould be
one of the keys to homogenise the Universe in the manner of a Mixmaster model. We
an also predit if there will have several periods of ination. It is also an interesting
behaviour sine some problems need ination to be solved (age problem, isotropisation)
whereas for others, it is prefered that the Universe be deelerated (formation strutures).
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Last, we an detet quasi-stati phases whih are likely to favour the appearane of some
strutures we observe in the Universes and to solve the age problem. We think that
the detetion of suh harateristis in an empty model may stimulate and justify more
omplex researhes when matter elds are present. Asymptotial studies are generally
not able to detet suh behaviours.
We have applied this method to a string inspired theory. Sine we have determined
the exat solution of the eld equations as funtion of φ (f 19), it is easy to alulate the
exat solution of this theory (Appendix A). Clearly, it seems to be diult to study the
dynamial behaviour of the metri funtion from the expression thus obtained. We have
shown that the late time behaviour of this theory is not ompatible with our observed
Universe. However it ould be an interesting model for early time behaviour. The
metri funtions are monotone or have one and only one extremum. If all the metri
funtions have a minimum, the Big-Bang an be avoided. For that, it is neessary that
ω0 ∈ [−3/2, 0] and n > 0 or ω0 > 0 and n < 0. We have also shown that several periods
of ination are possible.
Although GST is often laimed to be equivalent to HST it is only true if the inverse
funtion of G−1 an be analytially determined [9℄. Hene, HST is a more general
lass of salar tensor theories than GST whih is obtained for G−1 = φ. In this ase,
it is well known that the theory will respet the solar system tests if ω → ∞ and
ωφω
−3 → 0. For any form of G, these onditions beome ωG−1(G−1φ )−2φ−1 → ∞ and
(G−1φ )
3G2ω−2φ2(ωφω
−1 + G−1φ G − φ−1 − 2G−1φφG) → 0. For this limit, we have shown
that the metri funtions tend toward a power law type in the t time and G−1 toward a
onstant whih then may orrespond to the present value of the gravitational onstant.
Mathematially, it would be interesting to study the elds equation (11-13), whih are
rst order equations, in the light of the dynamial system methods [18℄ so that we
learn if this behaviour ould be a late time attrator. Physially, the fat that G tends
toward a onstant is assoiated with a power law types for the metri funtions is in
good agreement with what should be the dynamial behaviour of our present Universe
and thus onrmed the viability of salar tensor theories.
We onlude by giving the onditions on G and ω so that the Universe at late time,
respets the solar system tests, be aelerated and bouning. When the theory respets
the solar system tests, we have (G−1)′ → 0. Then, the Universe is in expansion and
aelerated if A0G is positive, 2ΠG
−1
[ − G−1ω(G−1)φ + φω(G−1) 2φ + φG−1(G−1)φωφ −
2φG−1ω(G−1)φφ℄/(2G
−1ω + 3φ(G−1) 2φ )
2 < −A0(B0 + C0) and other similar onditions
obtained by irular permutations on A0, B0 and C0. Sine G ould play the role of an
eetive gravitational onstant, it means that today G > 0 and thus (A0, B0, C0) > 0.
This restrits the range of the initial onditions. If moreover we want that all the metri
funtions have a minimum so that the Big-Bang is avoided and if we assume that G was
positive (negative) at early time, we need to hoose G(φ)−1 and ω(φ) so that (G−1)′′ is
negative (positive). The onditions onerning the respet of the solar system tests and
these desribed in this paragraph and onerning the dynamis of the metri funtions
put strong onstraints on the form of G(φ)−1 and ω(φ). For the latter, to our knowledge,
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we have not seen equivalent ones in the literature.
Appendix A. Exat solution of the string inspired theory
From (19), we get α(φ):
Solution with ω0 > 0:
α− α0 = (A.1)
−ln(
√
e−φ+n) + Ao{√2√ω0φ +
√
3ln(e−φ + n) − √3 + 2ω0ln{−Π(3 + 2ω0 + 2eφnω0 +
eφ
√
3 + 2ω0[(3+2ω0+4e
φnω0+2e
2φn2ω0)/(e
2φ−Π)℄1/2√−Π)/eφ}−√3ln{−3−Πe−φ+√
3[(3+2ω0+4e
φnω0+2e
2φn2ω0)/(e
2φ−Π)℄1/2(−Π)3/2}+√2√ω0ln{−ω0Πe−φ+−nω0Π+
−Π
√
ω0/2[(3 + 2ω0 + 4e
φnω0 + 2e
2φn2ω0)/(e
2φ −Π3/2)℄1/2}}/(2√−Π)
with τ − τ0 =
√−Π(6φ+2√6√ω0arctan{(3 + 2ω0 +2eφnω0)/(
√
6eφn
√
ω0)}+3ln{(3 +
2ω0 + 4e
φnω0 + 2e
2φn2ω0)e
−2φ})/(3n2ω0).
Solution with ω0 < 0:
α− α0 = (A.2)
−ln(√e−φ + n)+Ao{√−ω0arctan{(
√
2eφ(1+eφn)
√−ω0[(3−2−ω0−4eφn−ω0−2e2φn2−
ω0)/(−Πe2φ)℄1/2
√−Π)/(−3+2−ω0+4eφn−ω0+2e2φn2−ω0)}/(
√−2Π)+√3ln(e−φ+
n)/(2
√−Π) + ((−3 + 2 − ω0)ln{−Π(3 − 2 − ω0 − 2eφn − ω0 + eφ
√
3− 2− ω0[(3 − 2 −
ω0 − 4eφn− ω0 − 2e2φn2 − ω0)/(−Πe2φ)℄1/2√−Π)e−φ})/(2[−Π(3− 2−ω0)℄1/2)−
√
3ln{−3−Πe−φ+√3[(3− 2−ω0− 4eφn−ω0−
2e2φn2 − ω0)/(−Πe2φ)℄1/2 − Π3/2}/(2
√−Π)}.
with τ − τ0 =
√−Π(−6φ+ 2√6√−ω0arctanh{(−3− 2ω0 − 2eφnω0)/(
√
6eφn
√−ω0)} −
3ln{(−3− 2ω0 − 4eφnω0 − 2e2φn2ω0)e−2φ})/(−3n2ω0)
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Table A1. Salar eld variation intervals suh as its energy density and G−1 be
positives
ω0 < −3/2 ω0 ∈ [−3/2, 0] ω0 > 0
n < 0 φ ∈ [φ2, ln(−1/n)] φ ∈ ]−∞, ln(−1/n)] φ ∈ ]−∞, ln(−1/n)]
n > 0 energy density < 0 φ ∈ ]−∞, φ1] φ ∈ ]−∞,+∞[
F
AA0
A0
AA0
F
A0
A0>0 A0<0
(A,F)(A,F)
Figure A1. The straight line desribing the set of solutions (A,F ) of the rst spatial
omponent of the eld equations in the plane (A,F ). To know the sign of the rst
derivative of the metri funtion eα, we have to analysed the dynamis of a point (A,F )
on this straight line. For that, we split the salar eld variation interval, onsidered
as a time variable, in n sub-intervals suh as the signs of G−1, (G−1)′ and (G−1)′′ be
onstant. Hene, on eah of this interval [φl−1, φl], we know the sign of F given by
(G−1)′ and in whih diretion the point (A,F ) moves on the straight line depending
on the fat that F inreases or dereases, i.e. on the sign of (G−1)′′. Then we have
to hek if F an take the value 2A0 when φ ∈ [φl−1, φl]. When it is true, it means
that a metri funtion have an extremum for this range of the salar eld. Otherwise,
it is monotone. Thus we dedue what is the sign of A on this salar eld interval and,
as G−1 has also a onstant sign, we get the sign of α′ = AG. Hene, on eah interval
[φl−1, φl], we obtain the sign of the rst derivative of the metri funtion.
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F
AA0
A0
A
A0
F
A0
A0>0 A0<0
F0<0<A0
A0<F0<0
F0<A0<0
A>0
A<0 A>0
Figure A2. The Brans-Dike theory. We have sign of (G−1, (G−1)′, (G−1)′′) =
(+,−, 0) for any value of φ. F is a negative onstant equal to F0. Whatever the
sign of A0, when F < A0, A > 0. If A0 < 0, when F > A0, then A < 0. The sign of A
is the same as the rst derivative of eα.
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Figure A3. The string inspired theory when ω < −3/2, n < 0 and A0 < 0. F
inreases (this is indiates by the diretion of the arrows on eah straight line of the
gures) from −∞ to −
√
−4Π/3/2 sine (G−1)′′ > 0. On the rst gure, this last value
is smaller than A0. Then A is always positive and sine G
−1 > 0, α′ is positive. The
metri funtion eα is inreasing. On the seond gure, −
√
−4Π/3/2 is larger than A0.
As long as F < A0, A > 0 and then when F > A0, A < 0. Sine A and α
′
have the
same sign we dedue that the metri funtion has a maximum.
